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Abstract: We give a characterisation of those local not necessary commutative 
rings, for which the category of projective modules admits a triangulation with 
the identity as translation functor. By "admits a triangulation" we mean that 
the category can be given the structure of a triangulated category that satisfies 
the standard set of axioms including the octahedral axiom. 

1 Introduction 

Among categories of modules that admit triangulated structure, the simplest example is 
probably that of /c-vector spaces for a field k. Here the translation functor is the identity 
and distinguished triangles are given by sequences of the form 

such that 

X^^Y^^Z^^X^^Y 

is an exact sequence of /c-modules. An alternative description is to say that the distinguished 
triangles are precisely the contractible triangles, as defined by Neeman in [Neej 1.3.5]. It 
is almost immediately clear that all the axioms are satisfied thanks to the fact that all k- 
modules are projective. This example can be generalized without much effort: we adopt 
the analogous definition of distinguished triangles to the category of i?-modules for any ring 
R, such that every module is projective, and we indeed obtain a triangulated structure for 
this category with translation functor the identity. What kind of rings have this property? 
The answer can be given straightforward - all modules being projective is equivalent to all 
modules being injective. In particular all submodules of the module R are direct summands, 
which implies that R is semisimple. On the other hand, all modules over a semisimple ring 
are projective. The Artin-Wedderburn theorem gives us a precise characterization of the 
semisimple rings: They are of the form R = Ri x R2 x ■ ■ ■ x _R„ , where Ri is a full matrix 
ring Mn-{di) over some skew field di for every i from 1 to n. 

Looking at this example it seems reasonable to try to give a triangulation for a category of 
projective modules over more general rings by just taking exact sequences of modules. It is 
in fact true that if such a category admits a triangulation then the distinguished triangles 
are exact as a sequence of modules, but one should be aware of the fact that conversely, 
this naive construction does not produce a triangulation in general. For a counterexample 
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one can think of the category of projective Z-modules: clearly there is no exact sequence of 
projective (thus free) Z-modules of the required form 

Z^^Z ^? ^Z^^Z , 

starting with the map Z — > Z, so the first axiom of a triangulated category can not be 
satisfied. This is just one of the problems that may occur in the above construction when 
not all modules over the given ring are projective. Actually, there are plenty of examples 
of rings for which the category of projective modules does not admit a triangulation at all. 
Indeed, a necessary condition for this is that the ring is Quasi- Frobenius. However, it is 
by no means sufficient, and so the question for a characterization of rings which allow a 
triangulation of their categories of projective modules arises. In |HLj an answer is given in 
the case where the considered rings are commutative, and so our aim is to generalize this 
result to not necessarily commutative rings. We are though going to restrict our attention 
to local rings. Denote by V and V^^ the categories of projective left i?-modules and finitely 
generated projective left i?-modules. Our main theorem is: 

Theorem l3.5L Let R he a local ring with maximal ideal m. Then there exists a triangulation 
for V, or V^^ respectively, with Yi ^ Id if and only «/ = 0, m = Rx = xR for all x G 
Tn\{0} and in addition one of the following conditions holds: 

(i) R is a skew field, i.e., m = {0} 

(a) m = 2R 

(Hi) chari? = 2, i.e., 1 + 1 = in R, and for some x G tn\{0} there is a nontrivial element 
Tx e R/vn. such that 

a) (7x{rx) = fx 

^) '^x(^) = ^x^ifx for every t E R/m 

Here cTx is a certain automorphism of the skew field R/m that depends on the chosen 
generator x of m (Lemma 13. 3p . In the proof of these results we are going to construct an 
explicit triangulation for the different cases, using an idea from the article of F. Muro, S. 
Schwede, N. Strickland [MSSj . Interesting questions that come up are whether there are 
different triangulations in the considered cases and - if so - how they look like. We will also 
give answers to these, for the most part. 
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Now, let us start with some 

2 Preliminaries 

We begin by fixing some notation and recollecting the needed terminology. 

Let C be an additive category and S : C ^ C an equivalence. A triangle in C (with respect 
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to S) is a diagram in C of the form 



Z- 



such that the composites vu, wv and {^u)w are the zero morphisms. A morphism of triangles 
is then a commutative diagram of the form 



X 



Y 



X' 



Y' ■ 



Z' 



Y,X 



In this context we also have the notion of a mapping cone which is analogous to the definition 
of the mapping cone of a chain map, namely, we define the mapping cone of the above 
morphism to be the triangle 



Y®X'- 



-V 
g u' 



Z(BY' ^ e Z' 



-T.U 
S/ w' 



® EX'. 



Now, a triangulated category T is an additive category together with a selfequivalence 
Yj-.T and a class of triangles (with respect to S), called distinguished, such that: 

A.l • The class of distinguished triangles is closed under isomorphisms of triangles. 

id 



The triangle X 



X 



•0- 



YjX is distinguished for every X S Ob(T). 



For any morphism u: X ^Y m.T there exists a distinguished triangle of the form 
X Y ^ Z ^ HX . 



A. 2 • A triangle X ^ Y ■ 

y^^z^^j:x- 



-z — 
sy is. 



SAT is distinguished iff its translate 



A.3 



For any commutative diagram with distinguished rows of the form 

X — ^ Y — Z — ^ J:X there is a morphism h : Z Z' completing 

the diagram to a morphism of triangles, in a 
way that the mapping cone is distinguished. 

ea:'. 



/ 



X'- 



Y' 



Z' 



This set of axioms is equivalent to the common one including the octahedral axiom as 
shown by Neeman in [Neej 1.4.6] and |Nee2^ 1.8], and it will turn out to be more convenient 
for our purpose. 

Further, two maps of triangles will be called homotopic if they differ by a homotopy 




ea: 



s/' 



Y.X'. 
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This means there are morphisms 6, $ and ^' as in the diagram such that 

g - g' = + u'Q 
h-h' = + 

As one should expect homotopic morphisms have isomorphic mapping cones. For a proof of 
this fact see [Neei 1.3.3]. Another notion that we are going to make use of are the contractible 
triangles. We call a triangle contractible if the identity map is homotopic to the zero map. 
A homotopy between both maps is called a nuUhomotopy. Later on we are going to use the 
facts that a contractible triangle in a triangulated category is always distinguished, and that 
a morphism having a contractible triangle as source or target is homotopic to the zero map 
f |Nee| Proposition 1.3.8 and Lemma 1.3.6). 

Coming back to what we originally wanted to do, we set the following notation : V will denote 
the category of projective i?-modules and V^^ the category of finitely generated projective 
i?-modules, where i? is a (not necessarily commutative) ring. Later on in this section R will 
be assumed to be a local ring. When we write i?-modules we will mean left i?-modules and 
by an ideal (without adjective) we will understand a two-sided ideal. As usual HomB.{P, Q) 
denotes the set of all i?- module homomorphisms between the i?- modules P and Q. As we 
mentioned in the introduction, Hovey and Lockridge gave a complete characterization of the 
commutative rings for which V and V^^ admit a triangulation with S — Id. Some of their 
preliminary results apply also in the general case and we are going to use them. 
Recall that a ring is called Quasi- Frobenius (short QF) if every injective i?-module is projec- 
tive or equivalently every projective i?-module is injective. There are many other character- 
izations of QF rings, cf. |Lam2l 15.1] and [H 24.20]. In [HL], 3.4] it is shown that if 7^ admits 
a triangulation, then i? is a QF ring. This is an easy consequence of the fact that every 
distinguished triangle in P (or also V^^) is exact, since the functor Homji{R, — ) converts a 
given distinguished triangle into an exact sequence of i?-modules isomorphic to the original 
triangle, and for this reason every injective module can be embedded into a projective one, 
thus, is projective itself: 

P -^-^ Q ^ T ^ EP 




M 



Here, P ^ Q M ^ is a presentation of the injective module M by projective 

modules. 

A very similar argument |HL| 3.5] provides that if V^^ admits a triangulation then i? is a 
left and right IF ring. Recall that R is said to be a left respectively right IF ring if all 
injective left respectively right i?-modules are flat. Adding the condition that R is left or 
right noetherian implies that R is even a QF ring ([Co]). 

Now, as mentioned in the beginning we are going to direct our attention to local rings. The 
reason for this is that only in this case we have sufficient information about the structure of 
QF rings so that it is possible to extract enough information for a possible triangulation. In 
the commutative case an arbitrary QF ring is a product of local QF rings, and so, considering 
only the local case is not really a restriction. We should specify what we mean by a local 
ring. R is defined to be local if there is a unique maximal left ideal. This turns out to be 
the same as requiring a unique maximal right ideal (that indeed coinsides with the maximal 
left ideal) or also asking for R/ radi? to be a skew field (see for example [Lamlj ). Note, that 
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this is in general not the same as having a maximal two-sided ideal. From now on R will 
denote a local ring and in the light of this we introduce the following additional notation : 

m the unique maximal ideal of R 

d:= R/m the residue skew field of R 

[r] G d the residue class of an element r o{ R 

t € R a lift of an element t oi d 

i?^ the units in R 

Z{R) the center of R 

Z{d) the center of d 

By a theorem of Kaplansky [Kai 2] we know that the projective modules over a local ring 
are exactly the free modules, thus, we are going to work in categories of free respectively 
finitely generated free modules. 
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Before beginning with the proof of the central theorem we have to do some preparations. 
Throughout, we are going to differentiate between P and V^^ only if necessary. First, we 
deduce some restrictions on the structure of the rings R that might occur, provided P or 
P^^ is triangulated. The following proposition can also be found in [HLj . but for our further 
work it is reasonable to recall the proof. 

Proposition 3.1. If the category of projective modules P over a local ring R or the category 
of finitely generated projective modules pf^ over a local left or right noetherian ring R admits 
a triangulation with translation functor S = Id, then the following properties hold for the 
maximal ideal m of R: 

(t) = {0} 

(a) m — Rx — xR for all x G tTi\{0} 

Proof. Without loss of generality m is not the zero ideal. As we saw, under the assumptions 
of the theorem the ring R is QF, and further it is also assumed to be local. Hence by [Nicj 
3.9], socRr = socr R (write soci? from here on) is a simple left and right module. In other 
words, soci? is an ideal that is both simple as a left and as a right i?-module. Clearly, soci? 
is generated by one element, and we have soci? = Rx = xR for any x £ soci?\{0}. 
We want to prove that m equals soc R. Let us fix some nontrivial, thus generating element x 
of soc R. Because of the triangulation there is a distinguished triangle starting with the map 

■X (right multipHcation by the element x) . This is of the form R — ^ R — ^—^ P — ^—^ R, 
where P is some free module. Since the triangle is exact, we have a short exact sequence of 
i?-modules: 

^ R/Rx 5- P 5- ker(-a;) ^ 

Note that ker(-a;) equals the left annihilator ann;(a;i?) — ann;(soci?) of the socle of R, and 
that is precisely m (see for exemple |Nic| 8.11]). We recall that since R is left artinian and 
left noetherian (because of QF), all finitely generated left i?- modules have finite length, so 
we conclude that P also has finite length and we have: 

1(P) = l(m) + \{R/Rx) = l(m) + l(R) - 1 (★) 

Since m is maximal, \{R/m) is simple and so l(m) + 1 = l(i?)- Further, the length of 
P is a multiple of the length of R. Coming back to (★) the above considerations apply: 
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k\{R) = \{R) - 1 + l(i?) - 1 = 2\{R) - 2. Thus, k equals 1 and l(i?) = 2. Thorefore, 
C soci? C -R is already a composition series for R and soci? equals m. It is now an easy 
calculation that is trivial. □ 

Remark 3.2. We observe that under the assumptions of the proposition a distinguished 
triangle for the morphism -x for some nontrivial element x of soc = m is given by 



R- 



-^R 



R, 



where s and t arc elements of R. Since x is nontrivial, -s and -t can not be isomorphisms. 
Because x is not a unit, they can not be trivial, either. Hence, s and t are elements of m\{0}. 
As such we can represent them in the form s = xri and t = r^x for some appropriate units 
r\ and r-2,. Then we have an isomorphism of triangles 



■X 'XT\ ■r2X 

R^^R ^R ^R 



R—^R—^R 




where r = rir2 is also a unit. 

Another consequence of the proposition is the following 

Lemma 3.3. Every x G tn\{0} defines an automorphism ax ■ d 
field d = R/m, with the property xt = (Jx{t)x for all t G d. 



d of the residue skew 



Proof. We define <Jx via the property xt = ax{t)x: Let t be an element of d. Since Rx = xR, 
for a lift t of t we have an element s of R with the property sx = xt. We set ax{t) = [s] € d. 
This assignment is well defined: Two lifts t and t differ by an element m € m, and since 
xm = 0, we have xi = x{i + m) = xi. If s also satisfies xi = sx, then sx = sx, i.e., 
(s — s)x = 0. Hence, (s — s) is in m, and therefore [s] equals [s]. 

Next, we have to show that ax is a skew field homomorphism: For ti and t2 in d, ti +^2 is a 
lift of ii +t2. If si and S2 are elements with SiX = xti for z = 1, 2, then (si +.52)2; = x{ti +t2). 
Now [si + S2] — [si] + [32] implies we have a homomorphism of groups with respect to +. 
Similarly for multipHcation, tit2 is a lift of tit2. We have xtit2 = Sixt2 = S1S2X, and hence 
(^xitih) = [S1S2] = [si][s2] = cTx{ti)ax{t2). It is clear that ax{l) = 1. 

Analogously, we can construct ax~^ via the property ix = xax^{t) for every t G d. □ 

Remark 3.4. One can ask what the connection between two such automorphisms ax and ay 
is. Since we can write y = xf for an appropriate r G d, we observe for any t G d: 



<^ ay{t)xr = xri 

ay{t)ax{r)x = xft 
ay{t)ax{r) = ax{rt) 



Thus, ay(t) is equal to ax{r)axit){ax(r))~^ . In case ax{r) is in the center of d, we have an 
equality between ax and ay. In particular, if d is commutative all nontrivial elements of m 
define the same automorphism. 



Now we continue with the main result: 
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Theorem 3.5. Let R be a local ring that satisfies properties (i) and (ii) of Proposition \3J\ 
and m its maximal ideal. Then there exists a triangulation for V (resp. V^^) with E = Id j/ 
and only if one of the following conditions hold: 



(i) R is a skew field, i.e. 
(ii) m = 2R 



{0} 



(Hi) chari? = 2, i.e., \ + 1 = in R, and for some x 6 iTi\{0} there is a nontrivial element 
rx G R/m such that 

a) (Tx{rx) = r^ 

^) '^xi^) = '''x'^^^x for every t G R/m. 



We are going to call these three cases the 
"equicharacteristic" case, respectively. 



''semisimple" , the "mixed- characteristic" and the 



Proof. Considering the unique map J. ^ R we are often going to talk of elements of Z as 
elements of R. What is meant should be clear from the context. In the first part of the 
proof we show that R should satisfy one of the upper conditions: 

If m is trivial, it is clear that i? is a skew field. For m ^ {0} there are two possibilities: m is 
generated by some prime number p G Z, or i? contains a field. Indeed, if every prime number 
p is a unit in R, then so is every other element of Z, and therefore Q can be embedded in 
R. If p = in i? for some prime p, then there is a ringhomomorphism ¥p ^ R that is a 
monomorphism. If none of the above cases occurs, then there exists a prime p with p an 
element of m\{0}. Therefore p is a generator of m. 

Before continuing we want to make the following note: a distinguished triangle in a triangu- 
lated category is isomorphic to the triangle that is produced by altering two of the maps by 
a sign. It is in general not true that changing only one of the signs produces a distinguished 
triangle, but in our case since the translation functor is the identity, this is also true as 
a consequence of the second axiom for triangulated categories. Remark 13.21 allows us to 
consider the following commutative diagram with distinguished triangles as rows: 




By Axiom 4 there is a filler -t completing the above to a morphism of triangles. This implies 
that i is a unit in R representing the class of 1 G d, and thus x = —x. In the case, that a 
field Fp can be embedded in R, we conclude from 2x = that 2 equals or in other words 
= F2. In the case that the maximal ideal is generated by a prime p, 2p = forces p to 
be 2. 

In both of the cases where R^ d, we also have the fillers in the diagrams 




R 



R- 



R- 



R- 



R 



R- 



R- 



R- 



R 



•O'x(s) 



R, 



Here, x still denotes some generating element of m, s is some element of d and s a lift of s 
in R. Call the filler in the left diagram -t. We have xt = rx and tx = rx, thus o'2;([i]) = [r] 
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and [t] = [r]. In other words, (72;([r]) equals [r]. Denote the right filler by -u, for u G d. 
We have the following conditions: ax{u) = s and [r](T^(s) = u[r]. Together they force 
(T^(u) — [r]~^u[r], where u equals a~^{s). Since s was an arbitrary element of d and is 
bijective, we conclude that (J^{u) — [r]^^u[r] for every u G d. Hence, we are done with the 
first part of the proof. 

Actually we showed more than was stated: we showed that under the assumption that a 
triangulation exists, in both the mixed-characteristic and the equicharacteristic case the 
properties a) and b) are satisfied for any x £ m\{0} together with some appropriate r^. 
The second step is to construct a triangulation for each of the three cases. The category 
of (finite dimensional) vector spaces over a skew field has a unique triangulated structure 
analogous to vector spaces over a field, that we introduced at the beginning. The other two 
cases are more interesting. We are going to treat them together. We are going to use the 



construction from [MSSj, but complete and modify it for our purpose. When possible, we 
are going to stick to their notation. 

First fix an x and an with the properties o) and b). Note that in case m = (2), we can 
take X — 2 and r^, = 1 or in general any other that is in the center of d. We also have 
X — —X in both cases. Define distinguished triangles to be triangles isomorphic to a direct 
sum (finite when working in V^^) of contractible triangles and triangles A^; of the form: 



Ar : R R R -^-^ R 

For a free i?-module M we will denote by Am the triangle 



Am : M M M M, 



that is a direct sum of the triangles Ar (choice of a basis is involved!). 
We have to verify the three axioms. 

A.l: Distinguished triangles are closed under isomorphisms by definition and the triangle 

P^^P -0 

is contractible for any object P. 
Now we need the following lemma: 

Lemma 3.6. In the above context, for any morphism f : P ^ Q in the category V (resp. 
Pfs), there is a commutative diagram 

P 



(\ o\ 

( -a; 1 

for appropriate free modules M , N , V and W . 

From this lemma it is clear that / is a part of a distinguished triangle as required, since 
there is a triangle starting with / that is isomorphic to the distinguished triangle 

/I 0\ /O 0\ /O J3 0\ 

( -a; 1 ( 1 I -r^x 1 

M®N(£,V ° °^ M®N(BW AlAit V(BN(SW ^ ° ° M®N®V. 
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Proof of Lemma \3.6[ We can use Zorn's lemma to determine the largest free submodule of 
P such that the restriction of / on it is trivial: Let 20 denote the set of all free submodules 
with this property. As usual, a partial ordering is given by the inclusion of submodules and 
the empty set is an element of W. We have to show that for every totally ordered subset 
{Wi}i^i', the union IJie/' ^» ^-^^ ^ ^^^^ i?-module. Though a filtered colimit 

of free modules over an arbitrary ring need in general not be a free module, we are in the 
special situation where every inclusion of free modules splits (free=projective=injective), 
and the complementary module is as a direct summand of a free module a projective=free 
module itself. For a precise argument one needs transfinite induction since we have a possibly 
uncountable union. One shows that there is a compatible system of bases of the modules 
Wi. The successor case is exactly the fact discussed above. A basis of Wi can be completed 
to a basis of Wi+i since there is a free complement. For the limit case, assumed there are 
compatible bases for all the modules Wi for i < a for a given limit ordinal a, then a basis 
for IJj^jj Wi is given by the union of the bases for Wi, where elements of different bases are 
being identified via the inclusions. Now Zorn's lemma gives us a maximal element, say V, 
which again has a free complement in P. Use the same method to split this complement into 
two modules M and N, such that M is maximal free with the property that / is injective 
on it. Using the maximality of M and V one easily calculates that / restricted on N is 
(after an appropriate choice of a basis) just multipHcation by the element x. The statement 
follows. □ 



Now back to the second axiom: 
A. 2: A triangle is contractible iff its translate is. The translate of An is 



R- 



R R ■ 



R , 



and it is isomorphic to the original one because of <7x {tx ) = r^: 

R—^R- 




On the other hand, is the translate of the triangle 



R- 



R- 



R- 



R , 



which is also isomorphic to A^; by the same argument. 

A. 3: We start by showing that any diagram of distinguished triangles of the form 



A- 



f 



B- 



A 



■A' 



can be completed to a morphism of triangles. Assume first that one of the rows is con- 
tractible. If this is the upper row, we can copy this part in the proof of Theorem 1 of [MSSj 
without any change. However, there is no possibility of using the duality functor mentioned 
there for the case where the lower triangle is contractible since we are also working in "P, so 
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we give an explicit construction: 

Let (8, $, denote a nullhomotopy for the lower triangle: 



A- 



B- 



A' 



B' 



A 



1 e 



B' 



■c- 



1 



A 



A! 



1 * 
9 



A! 



Since the rows are exact we can factorize i' (i through the cokernel of / (in the category of 
i?- modules), and then use that C" is injective, to construct a map 7' such that 7'i = i'/3: 



B- 



■C 



coker/ 



B' 

Now set 7 = 7' + "^{aq — q'j'). We have 

71 — 7'i + ^!{aqi — q'^'i) i' (3 

q'l = q'l' + q'^{aq - q'7') = q-f' + (1 - Qf')(aq - q'^) = 
= (ii + aq- q'i - Of'aq + Qf'q'i = aq 

Thus, 7 is the desired map. 

If both triangles are isomorphic to direct sums A^, then, using the isomorphisms, we are 
searching a filler in 




for appropriate / and g. We can think of these maps as matrices with entries gtj and fij 
respectively, in R. Because of the commutativity of the first square we have the relation 

fijX — xgij. We define the desired filler by setting hij = crx^{[gij]) for some lift (choose 
one) of cr~^([(7ij]). This definition makes the middle square commute, and we only need to 
check that the right square commutes. Using the relation between gij and fij as well as the 
properties of x and we calculate 



We want to make a few comments: 

• Note that we can alter the filler by adding fJ.{-x) + (-x)!^ for any fi,u : P 



Q. 



It is also worth remarking that if / is an isomorphism, so are g and h: Indeed, assumed 
/ is an isomorphism, applying Lemma [3.61 on g and using the equality g{-x) — {■x)f 
one easily sees that g is an isomorphism. The same argument provides that h is also 
one. 
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• Given the map /, one can always define g and h. Thus, in the case where / is an 
isomorphism, we can complete it to an isomorphism of the distinguished triangles (of 
course this applies only in this special case where the triangles are isomorphic to direct 
sums of Aji). 



Now we are ready to proceed and show that the completion can be done such that the 
mapping cone is distinguished. We have the following situation: 



4>21 <p22 I 



>T^Y®U . 



where X ® T and Y (BU are distinguished triangles with T and U contractible triangles, X 
and y isomorphic to direct sums of Ajj, and (j> — {a,l3,j) and each of the = {aij, fiij^^ij) 
morphisms of triangles. We should modify 7 in an appropriate way. Observe that (/)i2,02i 
and (1)22 are nullhomotopic since in each case the source or the target is contractible. Putting 
the three homotopies together gives a homotopy from ^^^^ ^^^^ to ("^p^ °), which means that 

the corresponding mapping cones are isomorphic. On the other hand, the cone of {'^^^ []) is 
itself isomorphic to the direct sum of the mapping cones of (pn, U and the translate of T . 
Since the last two are contractible, our problem reduces to the case 4>ii : X ^ Y with X 
and Y as above. For suitable free modules M, TV, V and W we can represent the map an 
as in Lemma 

Qll 



Xi 



100 


M © TV e v'^^^^M ®x®w 



As we observed, the vertical isomorphisms can be extended to isomorphisms of exact trian- 
gles. Thus, we can restrict our investigation to the case: 



n o\ 

0x0 

vo 0/ 
M®N®W- 



-M®N®V- 

M®N(BW- 



■M®N®V- 



■M®N®W- 



M®N®V 



100 

-x 




M®N®W 



Let an and S denote the maps from M ® N ® V to M (S N (S W given by 
ail — (0 x 0) and S — (010). The morphism du is of the form an + ^(■x) for some 

VO 0/ VO 0/ 1- r- V / 

$ : M ® N ®V M (B N ®W (cf. the relation between / and g in the construction 
of a filler for the case where the rows where direct sums of A^). Now, set 711 to be 
/3ii + ^{-x) + {■x)S + {-x)^ = an + {■x)6 + (-2;)$. We claim that {6, $,0) is a homotopy 

from (an, 711) to the morphism = (e, e, e), where e — ^ • three equations for 
a homotopy hold: 



Pii-e = <i>{-x) + {■x)5 

711 - e = an + {■x)6 + (•x)$ - e = (-a;)* = 0{-fxx) + (-x)* 
an — e = S{-x) = 5{-x) + {■Fxx)0 

It only remains to observe that the mapping cone of C is isomorphic to the direct sum of 
Aat, Aw, the translate of Ajv, the translate of Ay with the mapping cone of the identity 
on Am, which can be easily checked to be contractible. □ 
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From the two theorems in this section we conclude that V is triangulated with translation 
functor the identity if and only if R satisfies properties (i) and (m) of Proposition [SH] as well 
as one of the conditions (i), [ii) or {Hi) of the above theorem. The analogous statement 
holds for V^^ provided R is left or right noetherian. 

In the proof of the theorem we have given an explicit triangulation for the studied cat- 
egories. A natural question is whether there are different triangulated structures. In the 
semisimple case the triangulation is always unique. This is due to the fact that there every 
morphism in the category V (resp. V^^) is up to isomorphism of the form 

and this is part of the triangle 

which is contractible. Thus, this triangle is distinguished in an arbitrary triangulation. Since 
every two distinguished triangles starting with the same morphism are (non canonically) 
isomorphic, and the class of distinguished triangles is closed under isomorphisms, we see 
that the triangulation is unique. 

Let us now consider the other two cases. We will denote the triangulation induced by the 
generating triangle 

R ^ R *" R R 

by A'^'"- In Theorem 13.51 {Hi), in order to have a triangulation, we required the existence 
of an element of d with ax{rx) — and a^{t) — r~^trx for some generator x of m. 
On the other hand, as we saw in the first part of the proof of the theorem, in both the 
mixed-characteristic and the equicharacteristic case, a given triangulation defines for every 
generator x G Tn\{0} an element of d that satisfies the above conditions. Clearly, the 
triangulation induced by x and coincides with the original one. All these facts imply that 
to compare triangulations it is enough to fix one particular generator of the maximal ideal 
and observe those elements of c?\{0}, that together with this generator satisfy conditions a) 
and b) of Theorem 13.51 In the mixed characteristic case it is reasonable to take x = 2. We 
have a map 

{triangulations of V (resp. V^^)^ Z{d) 

where Z{d) denotes the center of the residue field d. Indeed, as we mentioned in the proof of 
the theorem, every element S that defines a triangulation together with x = 2, should 
be in the center of d. In the equicharacteristic case we can also construct such a map. For 
this we fix a triangulation l}^" and define 

{triangulations of V (resp. ^''^s)} z{d)''^ . 

Here Z{d)'^'^ is the field of fixed points of Z{d) under <7x. There is to check that r~^r'^ lies 
in Z{d)'^^ . We use again conditions (a) and (b) of Theorem 13.51 

'^^irx^r'x) = <^x{r;^^)<7x{r'x) = r^^r'^, 

t = r,al{t)r-^ = for anyted 
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The second equation can be written as r'^cr^it) = cr^{t)r^ r',^; which together with the 
fact that ax is an automorphism implies that r~^r^ is a central element of d. 
We are now ready to formulate the results about different triangulations in the mixed- 
characteristic and the equicharacteristic case: 

Corollary 3.7. Provided V (resp.V^^) can he triangulated, the above maps induce bijections 
(i) mixed- characteristic case: 

{^triangulations ofV{V^^)] <^ {nontrivial elements of Z{d)} 

(a) equicharacteristic case: 

[triangulations ofV{V^^)^ *^ {nontrivial elements of ZidY"} 

Proof. In the mixed-characteristic case we have taken x = 2 as usual. Thus erf is the identity 
and an element of rf\{0} defines a triangulation via the generating triangle 



R- 



^R- 



■2 -27^ 

-^R ^R 



if and only if r2 is in Z{d)\{{]]. 

On the other hand, two different elements r2 and r'2 of Z{d)\{Q} define different triangula- 
tions. Else there should exist the filler in the diagram 




which would force r2 = 

In the equicharacteristic case in order to have more than one triangulation we again nec- 
essarily need at least two different elements rx,r'^ of (i\{0} that satisfy the conditions a) 
and h) with respect to the fixed generator x of m. The same argument as above shows that 
the induced triangulations are different. Hence we only have to show that the given map 
is surjective. For this it is enough to see that for every element z of Z{dY'^ , VxZ defines a 
triangulation f^^"^ . Indeed, VxZ is a fixed point of ax since rx and z are, and moreover 



'trx 



z ^trxZ = {rxz) ^t{rxz) 



holds because z is in the center of d. 



□ 



We know now whether there are different triangulations or not, but the question remains, 
if, whenever they exist, these different triangulations are equivalent or even isomorphic? 
That is, is there an equivalence or even an isomorphism F of the category P (resp. V^^), 
that together with a natural transformation rj : FT, — > EF maps distinguished triangles of 
one triangulation to distinguished triangles of another triangulation. To answer these ques- 
tions in full generality we possibly need a full classification of the occurring rings. We will 
restrict our attention to determine isomorphic triangulations in a very strong sense: where 
the functor F is the identity. 
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Let us first make some observations: The center of R, Z{R) is a subring of R that is itself 
local. Denote by d' the residue field of Z{R), then clearly the following diagram commutes: 

ZiR)^ R 



d'^ Z(rf)<^-C Z{d)^ d 

We note that d/Z{d) is a skew field extension, and Z{d)/d' and Zid)"" jd! are field extensions. 
Using the result of the previous corollarjf, we want to describe the isomorphic classes of 
triangulations in the sense discussed above. We claim that the identification is realized by 
the projection maps 

z[dY zidYid!"" 
{z{dY-Y [zidY'^Y/d"' 

In other words: 

Corollary 3.8. For the equivalence classes of isomorphic triangulations with F = Id as 
discussed above, there are the following bijections: 

(i) mixed- characteristic case: 

{^equivalence classes of triangulations ofP{P-^^Y ^ {elements of Z(d)^ /d'^} 

(a) equicharacteristic case: 

{equivalence classes of triangulations ofViV^^)} <^ {elements of [ZidY^Y I 



where f^J^" is a fixed triangulation. 

Proof. At the beginning we treat (i) and (ii) together. We claim that two nontrivial elements 
r.,; and r'j. of d define, together with the generator x of m, equivalent triangulations if and 
only if there is a lift of r^^r'^ in R that is in Z{R). 

Assume first r G Z{R) is a lift of r~^r'^. To define a natural transformation r] choose for 
every P E V an isomorphism fp:P^ ®ip ^ ^or an appropriate set Ip. We insist that in 
case P = R, fp is the identity. Set rjp : P ^ P to he the composite 

P ^®R-^®R^R 

Ip Ip 

Note that rjp is an isomorphism. 

Since r is an element of the center of R, this gives us a natural transformation 77 : Id o E = 
Id ^ Id = S o Id. The triangle 

R R R R 
is mapped under (Id, rf) to the generating triangle 

R—^R—^R-^R. 
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For contractible triangles we have: if (8, <J>, is a nullhomotopy for 
then (6, is one for 



Clearly, direct sums of contractible triangles with triangles isomorphic to sums of generat- 
ing triangles are also mapped to distinguished triangles under (Id, 77). Therefore (Id, 77) : 

{V,/^^'' ) —> ("P, A'^"') is isomorphism of triangulated categories. 

Conversely, if a natural transformation 77 : Id ^ Id is given, it defines an element r in Z{R) 
via the map rjn = -r. If (Id, 77) : (P, A'^^) (^jA'^"') isomorphism of triangulated 

categories, then the generating triangle of A*^^ should be mapped to the generating triangle 



r r 



of A'^'" • Hence, we see that rx[r\ equals r'^. This forces [r] — r^^r'^ and so r is a lift of 
in the center of R. 

Translating what we showed into other language: in the light of Corollarv l3.7[ the elements 
of Z{d)'^'' that are in the same equivalence class precisely those of the form r,j;Z 

for z e {d')^ . This yields the result for the equicharacteristic case. Taking x — 2 and using 
(72 = id gives the one for the mixed-characteristic case. □ 

A direct result from this corollary is that if the ring R is commutative, then all the trian- 
gulations are isomorphic. 



4 Examples 

In this section we want to give examples for the rings occurring in Theorem l3.5l In particular, 
we are interested in the existence of non commutative ones. For the semisimple case there 
are clearly plenty of examples - for every skew field the categories of vector spaces and finitely 
generated vector spaces are triangulated. We therefore start with the mixed-characteristic 
case. 

Recall the ring of Witt vectors W{k) over a perfect field k of characteristic p. It is a 
commutative discrete valuation ring with maximal ideal th = pW{k) and residue field k. 
The ring of Witt vectors of length 2 then is defined as W2{k) := yV(fc)/tn^, a local ring with 
only one nontrivial ideal, namely fh = pW2ik). Another description of W2{k) is in terms of 
vectors (ao, ai) e x fc where the addition and the multiplication are given by: 

(flo, ai) + (60, h) = {ao + bo, ai + bi + - (ag + 6g - (ao + bo)^) 

P 

(ao, ai) ■ (60, fei) = (flo • ^0, bo^ai + biao^) 
For example, for p = 2 this reduces to 

(ao, ai) -I- {bo, bi) = {ao + bo, ai + fei + ao^o) 
(ao, ai) • (60, ^1) = (ao ■ &o, &o^ai + ^lOo^). 
Componentwise application of the Fi-obenius automorphism 

Fr : k k 
a 1-^ a^ 
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induces a ring homomorphism 

F : W2(fc) ^ W2{k) 
(ao,ai) (ao^,ai^) 

that is indeed an isomorphism since k is perfect. If we now take k to be of characteristic 
2, then we immediately obtain a commutative example for (ii). For a non commutative 
one we take k of characteristic 2, but different from ¥2, and set R = VV2(fc)((X, F)), the 
skew Laurent series ring associated to W2(A;) and F . Elements in R are of the form a = 
^7L-n , where n G N depends on a and the a^'s are elements of W2(fc). Addition is 
done componentwise, multiplication is given by the formula 

CXD 00 00 

i=—n i=—m k=—n—m i+j=k 

In other words, we take the usual multiphcation in the Laurent series ring except for the 
fact that elements of W2(fc) do not commute with X, but are multiphed by the rule Xai = 
F(ai)X. One easily sees that this makes R into a unital non commutative ring. We claim 
that R is local with maximal ideal generated by 2: For this purpose we show that a = 
Y^'iL-n '^i^^ € i? is a unit if and only if one of the a^'s is a unit in W2(fc). One direction is 
clear: If all coefScients are non units, i.e., are in the maximal ideal m of W2{k), we have 

00 00 00 

^ aiX' ■ = E ( E = 0> 

i=—n i=—n k=—2n i+j=k 

since F maps the maximal ideal ffi to itself, and therefore for every fc G N holds 
"Y^ij^j^k^i^^i^i) € fii^ = {0}. Hence, a cannot be a unit. Now suppose a_„ is a unit. 
We can inductively define the coefficients hj of 6 = X^jln ^i^"* ^ way such that b is 
a right inverse for a, and in the same manner one can find a left inverse for a. We con- 
clude that a is a unit. If j > — n is minimal with aj G W2(fc)^, set c = 'Yi=-n'^i-^^ ^^"^ 
d = Y,i>j O'iX'. So a equals c + d with = and d a unit. Note that (uc)^ equals for 
any u G W2{k){{X, F)) since the coefficients of uc are still in tn. We have: 

a{d-^c - 1) = (c + d){d-^c - 1) = 

= d{d-^c+l){d-^c-l) = 

= d{{d-^cf - d-^c + d-^c - 1) = 

= -d 

Therefore, a is right invertible. Similarly, one shows that it is also left invertible, and so the 
proof of the claim is done. 

Now ffi = 2W2(A;) implies, that the non units of R form a right ideal, namely tn = 2R which 
is of course also a left ideal since 2 is central, so we conclude that R is local. Finally, we note 
that wc already saw that is trivial. It is also clear that there are no other nontrivial left 
or right ideals since this was the case by yV2{k). Therefore, m = xR = Rx for any element 
X of m\{0}. 

In the equicharacteristic case we use a construction similar to the skew Laurent series: 
the skew polynomials. For a ring R' and a ring homomorphism t : R' —> R' , the associated 
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skew polynomials R'[X,t\ differ from the usual polynomials in the definition of the 

multiplication: It is given, as in the case of the skew Laurent series, by 

i=0 i=0 fc=0 i+j=k 

Take R' to be the field Fg and r again the Probenius automorphism. Then we have = id. 
Now set R = fs[X,T]/{X'^), where {X'^) denotes the ideal generated by X'^. Similar to the 
previous example one sees that precisely the elements of the form oq + aiX mod {X'^), with 
uq ^ 0, are the units of R. Therefore, there is a unique ideal m in R, that is generated by the 
class of X: m = R[X] = {[X]) = [X]R. Using the notation from Theorem [331 for x = [X] 
we have — t : ¥s fs- Further, tr^ is the identity map, and one can take = 1, so all 
the required conditions are satisfied. Since in this particular example and 1 are the only 
fixed points of ax, we have uniqueness of the triangulation. 

If we exchange Fg by F26 and t by we obtain another example, this time though, the 
fixed points of — are exactly the elements of F4 understood as elements of F26 via 
the canonical inclusion. Therefore, we can take to be any element of F4 . Each of them 
defines a different triangulation but all these triangulations are isomorphic by Corollarv l3.8l 
since every such has a lift in the center of R given by the class [r^ + ■ X]. 

Looking back one can ask whether there are different triangulations in the first example. 
The condition on an element r G <i\{0} for defining a triangulation is r to be in the center 
of 

d = W2imX,F))/2W2ik){{X,F)) - ki{X,Fr)). 

Using the above isomorphism we view elements of d as elements in k{{X, Fr)). One can 
calculate that in the case Fr* 7^ id for every i € Z\{0} the center consists only of the 
elements and 1. If there exists q G N with the property Fr"? — id, then the elements in 
the center of d are of the form J2^~n ^i^^'^ with n G N, e {0, 1} and q is minimal with 
the required property. Corollary 13.71 implies we have different triangulations in this second 
case, but for every X^i^-n '^i^** in ^(d)^ we can find a lift X^i^-n '^i^** the center of R. 
Here, for a G k = >V2(fc)/2yV2(fc) we take d — (a,0). Thus, also here all the triangulations 
are isomorphic. 

Remarks 

In this article we have treated a special kind of rings, namely local ones. In the commutative 
case this is not a major restriction since commutative QF rings are products of local QF 
rings, and so, using the fact that for i? ~ i?' x R" holds Modi? = Modi?' x Modi?", one can 
characterize all the rings R for which the category of projective modules admits a triangu- 
lation. The situation of non commutative rings is different. Surely we can also generalize 
our result for products of local rings. Using the Morita equivalence between a ring R and 
the full matrix ring M„(i?) for n e N one can also generalize the result for a product of 
matrix rings over local rings. However, this still doesn't cover all the possibilities of how a 
QF ring could look like in the general case, so the question if a complete characterization 
can be done, remains open. 

At the end we want to remark that our mixed-characteristic case provides us with some addi- 
tional examples of the so called exotic triangulated categories introduced by Muro, Schwede 
and Strickland in [MSSj . These are categories that are neither algebraic nor topological 
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triangulated (see |Ke06j and |Sch) ). They are characterized by the fact that every object 
in the category is, as named in |MSSj . exotic. This means that for every object M in the 
category, there is an exact triangle of the form 

M — ^ M — ^ M ^ EM . 

Hence, it is obvious that in the mixed-characteristic case we are dealing with such exotic 
triangulated categories. Actually, the examples considered in [MSSj are exactly the cate- 
gories of finitely generated projective modules over commutative rings R, that satisfy the 
conditions for the mixed-characteristic case. 
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